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THE MAXWELL LAGRANGIAN IN PURELY AFFINE GRAVITY 

Nikodem J. Poplawski 
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The purely affine Lagrangian for linear electrodynamics, that has the form of the Maxwell La- 
grangian in which the metric tensor is replaced by the symmetrized Ricci tensor and the elec- 
tromagnetic field tensor by the tensor of homothetic curvature, is dynamically equivalent to the 
Einstein-Maxwell equations in the metric-affine and metric formulation. We show that this equiv- 
alence is related to the invariance of the Maxwell Lagrangian under conformal transformations of 
the metric tensor. We also apply to a purely affine Lagrangian the Legendre transformation with 
respect to the tensor of homothetic curvature to show that the corresponding Legendre term and the 
new Hamiltonian density are related to the Maxwell-Palatini Lagrangian for the electromagnetic 
field. Therefore the purely affine picture, in addition to generating the gravitational Lagrangian 
that is linear in the curvature, justifies why the electromagnetic Lagrangian is quadratic in the 
electromagnetic field. 
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I. INTRODUCTION 

In the purely affine (Einstein-Eddington) formulation of general relativity [3, 0, H, 0, a Lagrangian density 



^j*. depends on a torsionless affine connection and the symmetric part of the Ricci tensor. This formulation constructs 
the symmetric metric tensor from the derivative of the Lagrangian density with respect to the symmetrized Ricci 
tensor, obtaining an algebraic relation between these two tensors. It derives the field equations by varying the total 
I* ■ action with respect to the connection, which gives a differential relation between the connection and the metric tensor. 
This relation yields a differential equation for the metric. In the metric-affine (Einstein-Palatini) formulation [J, 0], 
both the metric tensor and the torsionless connection are independent variables, and the field equations are derived by 
varying the action with respect to these quantities. The corresponding Lagrangian density is linear in the symmetric 
part of the Ricci tensor. In the purely metric (Einstein-Hilbert) formulation^ [8|, the metric tensor is a variable, 
the affine connection is the Levi-Civita connection of the metric and the field equations are derived by varying the 
action with respect to the metric tensor. The corresponding Lagrangian density is linear in the Ricci scalar. 

Ferraris and Kijowski showed that all three formulations of general relativity are dynamically equivalent and the 
relation between them is analogous to the Legendre relation between Lagrangian and Hamiltonian dynamics [101]. This 
statement can be generalized to theories of gravitation with purely affine Lagrangians that depend on the full Ricci 
tensor and the tensor of homothetic curvature pdl [T3 | . and to a general connection with torsionpjj]. In the purely 
affine formulation of gravity, the connection is the fundamental variable, analogous to the coordinates in relativistic 
mechanics. Consequently, the curvature corresponds to the four-dimensional velocities, and the metric corresponds 
to the generalized momenta[5i]. The relation between the purely affine and metric-affine picture of general relativity 
shows that the metric-affine Lagrangian density for the gravitational field is a Legendre term corresponding to the 
scalar product of the velocities and momenta in classical mechanics Q. The metric-affine and purely metric Lagrangian 
density for the gravitational field automatically turn out to be linear in the curvature tensor [131]. 

Ferraris and Kijowski also found that the purely affine Lagrangian for the electromagnetic field, that has the form 
of the Maxwell Lagrangian in which the metric tensor is replaced by the symmetrized Ricci tensor, is dynamically 
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equivalent to the Einstein-Maxwell Lagrangian in the metric-affine and metric formulation [14] . This equivalence 
was proven by transforming to a reference system in which the electric and magnetic vectors (at the given point in 
spacetime) are parallel to one another. Such a transformation is always possible except for the case when these vectors 
are mutually perpendicular and equal in magnitude Q. This case, describing for example a plane electromagnetic wave, 
was examined in Ref. |15| and completed the proof. 

In general relativity, the electromagnetic field and its sources are considered to be on the side of the matter tensor 
in the field equations, i.e. they act as sources of the gravitational field. In unified field theory, the electromagnetic 
field obtains the same geometric status as the gravitational field[16|. A general affine connection has enough degrees 
of freedom to make it possible to describe the classical gravitational and electromagnetic fields and the purely affine 
formulation of gravity allows an elegant unification of these fields. Ferraris and Kijowski showed that while the 
gravitational field in the purely affine formulation is represented by the symmetric part of the Ricci tensor for a 
connection that is not restricted to be metric compatible and symmetric, the electromagnetic field can be represented 
by the tensor of homothetic curvature Such a construction is dynamically equivalent to the sourceless Einstein- 
Maxwell equations and can be generalized to sources [13] • Ponomarev and Obukhov used the same construction 
in the metric-affine formulation [3]. 

Purely affine Lagrangians that depend explicitly on a general, unconstrained affine connection and the symmetric 
part of the Ricci tensor are subject to an unphysical constraint on the source density, as in the metric-affine formulation 
of gravity [19j- The inclusion of the tensor of homothetic curvature, which is related to the electromagnetic field, in a 
purely affine Lagrangian replaces this constraint with the Maxwell equations and preserves the projective invariance 
of the Lagrangian without constraining the connection 17 1 . 

The structure of this paper is the following. In Sec. [II] we review the purely affine formulation of gravity and its 
relation to the metric-affine and metric picture. In Sec. lIIII we show that the equivalence between the Ferraris-Kijowski 
and Maxwell Lagrangian results from the invariance of the latter under conformal transformations of the metric tensor. 
In Sec. IIVI we adopt the unified framework for the classical gravitational and electromagnetic fields |T3] , and apply 
the Legendre transformation with respect to the tensor of homothetic curvature. We show that the corresponding 
Legendre term and the new Hamiltonian density are directly related to the two terms in the Maxwell-Palatini 
Lagrangian for the electromagnetic field [2fJ. The simplest form of this Hamiltonian density yields the linear Maxwell 
electrodynamics. Therefore the purely affine picture not only naturally derives the gravitational Lagrangian that is 
linear in the curvature, but also justifies why the electromagnetic Lagrangian is quadratic in the electromagnetic field. 
We briefly discuss and summarize the results in Sec. [V] 



II. FIELD EQUATIONS 

A general purely affine Lagrangian density jt depends on the affine connection Tf v and the curvature tensor, 
R P ^av — ^au,a ~ ^ua,u + ^uu^kct ~ ^ * T^. 1 We assume that the dependence of the Lagrangian on the curvature 
is restricted to the contracted curvature tensorsJUJ, of which there exist three: the symmetric P M „ = R^u) and 
antisymmetric i?[^„] part of the Ricci tensor, R^ v — R p ^ pu , and the antisymmetric tensor of homothetic curvature 
(second Ricci tensor), Q^ v — R p p „ v — — r p , which has the form of a curl0, [2l| . The metric structure 

associated with a purely affine Lagrangian is obtained using@, H, d, [l(| 0, EH [Hj]: 

<9i 

ur [If 

where g pu is the symmetric fundamental tensor density and k — ^r-- The symmetric contravariant metric tensor is 
defined by 

y V-detgP- V ; 

For purely affine Lagrangians that do not depend on Rhu,] these definitions are equivalent to those in Schrodinger's 

nonsymmetric purely affine gravity 0, [H, [24]]: g pv = —2n S?" and a'*" — , g ; (> ' To make this definition 

an ^ v-detg(p") 

meaningful, we have to assume det(g ( - M ' y ^) ^ 0, which also guarantees that the tensor has the Lorentzian signature 



A purely affine Lagrangian can also depend on derivatives of the curvature tensor. We restrict attention to Lagrangians that depend 
only on Ts v and -R p (J<T , y since the corresponding field equations are second order. 
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(+, — , — , — ) everywhere if its signature is Lorentzian at one point[Tj|. The covariant metric tensor g pu is related to 
the contravariant metric tensor by g pp g vp — 5%. The tensors g pv and <? M „ are used for raising and lowering indices. 
We also define an antisymmetric tensor density: 



and the hypermomentum density conjugate to the affine connection[2 

d% 

BY p 



n V = ~ 2k ^ ( 4 ) 



which has the same dimension as the connection. 

If we do not restrict the connection to be symmetric, the variation of the Ricci tensor can be transformed into 
the variation of the connection by means of the Palatini formula[4|: SR pL , = 8T p v . p — 5T £ — 2S' T pv §r p , where 
S p ^ v = T, p , is the torsion tensor and the semicolon denotes the covariant differentiation with respect to V p v . Let 
us assume that the Lagrangian density it does not depend on R[ pv y The principle of least action SS = 0, where 
S = \ J d 4 xl(T p u , P pv . Qpu), with the variation with respect to T p v yield 

P + *r^ g - + *r; CT g^ - t/^ = n V J n V^ + 2h"V£ - \^\J V P , (5) 

where *T ? u — T p + I^5 , „[3.l23| and S p = S v pv is the torsion vector. Antisymmetrizing and contracting the indices 
[i and p in Eq. gives 

h^=r, (6) 

where 

r = ^nv- (?) 

Eq. ([6]) has the form of the Maxwell equations for the electromagnetic field [l7l]. 

The hypermomentum density IP " represents the source for the purely affine field equations [l7|. Since the tensor 
density h pv is antisymmetric, the current vector density j M must be conserved: \ p „ = 0, which constrains how the 
connection can enter a purely affine Lagrangian density i: Yi a a v v = 0. This conservation is valid even if it 

depends on R\ pv \ since h MI/ would only be replaced by h* 1 " + W pv , where k pv = — 2k -q§^ ■ ■ If % depends neither on 

Q pv or R\uv\ , the field equation ^ becomes a stronger, algebraic constraint on how the Lagrangian depends on the 
connection: Ti." a " = 0. The dependence of a purely affine Lagrangian on the tensor of homothetic curvature and 
the antisymmetric part of the Ricci tensor replaces this unphysical constraint with a field equation for h pv or g^, 
respectively. Thus physical Lagrangians that depend explicitly on the affine connection should also depend on either 
Q^v or i?[ M „], which preserves the projective invariance of the total action without constraining the connection [l7j. 

If we apply to Jt(r p, P pp , Q^v) the Legendre transformation with respect to P M1/ 0, [l3j], defining the Hamiltonian 
density |>: 



we find that $ is a function of T p , g pv and Q pv . The action becomes 

S=\J dS(-^g^ + »(r^,g^Q^)). (9) 
The action variation with respect to g pv yields the first Hamilton equation 0, 13. 17]: 

The variations with respect to P M „ and Q pv can be transformed to the variation with respect to T p v by means of the 
Palatini formula and the variation of a curl, respectively, giving the second Hamilton equation equivalent to the field 
equations ([5]). 
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The analogous transformation in classical mechanics goes from a Lagrangian L(q l , q 1 ) to a Hamiltonian Hlq 1 , p l ) = 
piqi —L(q l , q l ) (or, more precisely, a Routhian since not all the variables are subject to a Legendre transformation [27() 
with p % = ^p- , where the tensor P pv corresponds to generalized velocities q z and the density g pv to canonical momenta 
p 1 ^, [HI]. Accordingly, the affine connection plays the role of the configuration q % and the source density EP p 
corresponds to generalized forces p — fp\5]. The field equations ([5]) correspond to the Lagrange equations which 
result from Hamilton's principle 5 J L(q l ,q I )dt = for arbitrary variations 5q % vanishing at the boundaries of the 
configuration, while the Hamilton equations result from the same principle written as 5 Jip-'q^ — H{q % ,p l ))dt — for 
arbitrary variations 5q l and 5p l |27j ■ The field equations ([5]) correspond to the second Hamilton equation, p l = — §~ , 
and Eq. (fTQ|) to the first Hamilton equation, q l = 

If we identify with the Lagrangian density for matter Cm A in the metric-affine formulation of gravitation [13| 2 
then Eq. (TIT))) has the form of the Einstein equations of general relativity, 

P/j,v ~ ~^PQ\xv ~ kT^v, (11) 

where P = P pil g pv and the symmetric energy-momentum tensor T pv is defined by the variational relation: 2k5£ma = 
TfivSg^. From Eq. ((9]) it follows that — j^PV~9: where g = detg pv , is the metric-affine Lagrangian density for 
the gravitational field £ s , in agreement with the general-relativistic form. The transition from the affine to the 
metric-affine formalism shows that the gravitational Lagrangian density C g is a Legendre term corresponding to p J q J 
in classical mechanics @. Therefore the purely affine and metric-affine formulation of gravitation are dynamically 
equivalent if 31 depends on the affine connection, the symmetric part of the Ricci tensor [3] and the tensor of homothetic 
curvature [l2j • 

Substituting Eq. (JT)) to Eq. ([5]) gives a linear algebraic equation for *F p v as a function of the metric tensor, its first 
derivatives and the density IP-". We decompose the connection *T P as 

*r£ v = {£u} g + v%, (12) 

where {f v } g is the Christoffel connection of the metric tensor g pv and V p pv is a tensor. Consequently, the Ricci tensor 
of the affine connection T p is given bvplj] 



iWr) = Rpu{g) - -(£,:„ - s^) + v%.. p - v p pp , v + v° pv v p ap - v° P( y p av , (13) 



where R pv {g) is the Riemannian Ricci tensor of the metric tensor g^ v and the colon denotes the covariant differentiation 
with respect to {f v } g - Eq. (fTT|) and symmetrized Eq. (fT3| give 

RM = i&vu - \T P «9 P °9^ ~ V p [pv) , p + V P MpM - V\ pv) V ap + V° Wp V» aH . (14) 

We also haveplf 

g 

Qtiu — —-^(Sv,^ — S p .u) + V p pvp — V p pfiV . (15) 

The general solution for the tensor V p pv is given in Refs.[I3,[lll. If there are no sources, n M p — 0, the connection T p v 
depends only on the metric tensor g pv representing a free gravitational field and the torsion vector corresponding 
to the vectorial degree of freedom associated with the projective invariance[l7j. 

The purely metric formulation of gravitation is dynamically equivalent to the purely affine and metric-affine for- 
mulation, which can be shown by applying to $(T P , g pu , Q pv ) the Legendre transformation with respect to F^.p^. 
This transformation defines the Lagrangian density in the momentum space 3St: 



d%_ v o « , 1 

^ 9 ' 
j i v 



which is a function of g pu , W 1 p v and Q pu . The action variation with respect to g pv yields the Einstein equations: 

am 



2 This identification means that the purely affine theory based on the Lagrangian 3t and the metric-affine theory based on the matter 
Lagrangian Cm A equal to have the same solutions to the corresponding field equations. 
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The variations with respect to P ul/ and Q av can be transformed to the variation with respect to T by means of the 
Palatini formula and the variation of a curl, respectively, giving the field equations ([5]). Finally, the variation with 
respect to LP w gives 

dlk 

r A = 2 «0iF7' (18) 

in accordance with Eq. (|TB|) . 

The analogous transformation in classical mechanics goes from a Hamiltonian H(q l ,p l ) to a momentum Lagrangian 
K(p l ,p l ) — —jiq 1 — H(q l ,p l ). The equations of motion result from Hamilton's principle written as 6 J (p-'q^ + Pq 1 + 
K(p l ,p l ))dt — 0. The quantity if is a Lagrangian with respect to p l because jpq> + is a total time derivative 
and does not affect the action variation. 

If we define: 

c v v — rr^ — \?Sp-x\ v } a irr <T ^a") *r M a av *v v a^ a 4- *r a a^ v 

°p - 11 P 3 p ° 6 a 9 (^p) 6 i (p^) g + ' y iJ ) 

where the connection Tf v depends on the source density IT 1 p via Eq. |4]) or Eq. (fT8|) . then the field equations (J5|) 
and ([7|) can be written as p = C^" . Accordingly W 1 " can be expressed in terms of . and S' p /it/ . Consequently 
Mg (if: 5p^,pi ^(iv\ Qiiv) can be identified with a Lagrangian density for matter Cm in the purely metric formulation of 
general relativity with torsion. 3 Similarly, the tensor Pnu(P£ v ) m Eq. (TT7|) can be expressed as Pguiggu, g a u. , S p r „) 
which can be decomposed into the Riemannian Ricci tensor TZ UL , and terms with the torsion tensor [2l|, yielding the 
standard form of the Einstein equations (l2[ HjjL Il7j |. The equivalence of purely affine gravity with standard general 
relativity which is a metric theory, implies that the former is consistent with experimental tests of the weak equivalence 
principle [28|. 

The metric-affine Lagrangian density for the gravitational field C g automatically turns out to be linear in the 
curvature tensor. The purely metric Lagrangian density for the gravitational field also turns out to be linear in the 
curvature tensor: L g = — j^TZy/— g, since P is a linear function of 1Z — TZ u ^g^- Thus metric-affine and metric 
Lagrangians for the gravitational field that are nonlinear with respect to curvature cannot be derived from a purely 
affine Lagrangian that depends on the connection and the contracted curvature tensors. 



III. ELECTROMAGNETIC FIELD 

The purely affine Lagrangian density of Ferraris and Kiiowskiflij is given by 



%em = --V=pF aP F pa P ap pP< 7 , (20) 



where F uiy — A v . a — A a ^ is the electromagnetic field tensor, p — &etP U v and the tensor P^ v is reciprocal to P av . 
This Lagrangian density has the form of the metric 4 Maxwell Lagrangian density of the electromagnetic field: 

%em - -\V=gF a pF p<7 g a rg^, (21) 

in which the covariant metric tensor is replaced by the symmetrized Ricci tensor P UL , . Accordingly the contravariant 
metric tensor is replaced by P M ". From Eq. ([2Tj) it follows that 



iV - \ p 9»u = ^F aP F pa g a Pg^g^ - F m F v ^g a ^\ , (22) 

which yields P = and, due to Eq. |> = i. The Lagrangian (f20|) is dynamically equivalent to the Lagrangian (|21|) . 
i.e. $p = $em is equivalent to 3t — &em- This can be demonstrated by showing that the identity 

^F af3 P a Pp^ = V=gF afj g a r g ^ (23) 



3 This identification means that the purely affine theory based on the Lagrangian j£ and the purely metric theory based on the matter 
Lagrangian Cm equal to j& have the same solutions to the corresponding field equations. 

4 Or metric-affine, since the Lagrangian (1206 does not depend explicitly on the connection and thus both formulations are identical. 
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is valid in the frame of reference in which the electric and magnetic vectors (at the given point in spacetime) are 
parallel to one another 14 1, and for the special case when they are mutually perpendicular and equal in magnitude [ 1 5| . 5 
The identity ([23]) does not hold if we add to the expression ([20]) a term that depends on the Ricci tensor, e.g., the 
Eddington afhne Lagrangian density for the cosmological constant, &a = zx\/~ p[l5| ■ 

The equivalence of the Lagrangians ([20]) and pTj) is related to the invariance of the latter under conformal trans- 
formations of the metric tensor, 6 



The transformation ([26]) yields 



(26) 

(27) 
(28) 
(29) 

(30) 
(31) 

For the Maxwell Lagrangian, the second term on the right-hand side of Eq. ([31]) vanishes, giving the transformation 
rule for the symmetrized Ricci tensor: 



9V -> g^v = Q(x p )g^. 



cT -> = 9-V", 

and the Lagrangian ([21|1 is conformally invariant: 
The identity 5$ = 6$ can be written as 



p — > P — p 



Consequently, we find: 



and the tensor density 




ctp/3cr 



detPau = 6~ 



(32) 

(33) 
(34) 

(35) 



is invariant under the transformation (|32[) . 

We know that for any matter Lagrangian in the metric formulation there exists the corresponding Lagrangian in 
the afhne formulation [10]. We also know that the afhne Lagrangian density that corresponds to the metric Maxwell 
Lagrangian must be, in order to give the held equations of linear electrodynamics, a quadratic function of the 
electromagnetic held tensor . Finally, the afhne Lagrangian density for the electromagnetic held must be invariant 
under the transformation (|32p . Since a quadratic function of the electromagnetic held tensor has four covariant 
indices, we need to contract it with a function of the symmetrized Ricci tensor that is a fourth-rank contravariant 
tensor density. The tensor density (|35[) is the only function which satisfies this condition and is invariant under the 
transformation (j32p . Therefore, the purely afhne Lagrangian density for the electromagnetic held is proportional to 
% ap P a FapFpa, as in Eq. ([20| . The factor —1/4 in Eq. ([20]) can be derived by the explicit calculation in a reference 
frame in which the electric and magnetic vectors are parallel (l4j]. 



5 If wc would like to show this equivalence generally, without transforming to a particular reference system in which the calculations are 
simpler, we would have to solve an algebraic equation for P M „: 

^f~gg^ v = Kv /r^^ipM^p/3 CT _ p^p^papp^p^^ (24) 

which results from Eqs. JTJ and J2j, and encounter the difficulty of taking the determinant of the right-hand side of this equation. 

6 The invariance of the Lagrangian i 12 1 [ ) under a conformal transformation J26H is related to the fact that the trace T of the dynamical 
energy-momentum tensor of the electromagnetic field vanishes. Since the energy-momentum tensor T^v is generated from the matter 
action S m by the metric tensor: 

SS m = ^- / (fx J^gT^Sg^, (25) 



2c ^ 

the action is invariant under an infinitesimal conformal transformation 8g^ v = g^ v — g^ v = (0 _1 — only if T = T^g^ = 
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IV. THE MAXWELL LAGRANGIAN AS LEGENDRE TERM 



The purely affine formulation of gravity allows an elegant unification of the classical free electromagnetic and grav- 
itational fields. Ferraris and Kijowski showed that the gravitational field is represented by the symmetric part of the 
Ricci tensor for a connection that is not restricted to be metric compatible and symmetric, while the electromagnetic 
field can be represented by the tensor of homothetic curvature [13] • Such a construction is dynamically equivalent to 
the sourceless Einstein-Maxwell equations [l(| and can be generalized to sources [l7j. 

The formal similarity between F^ v and the tensor of homothetic curvature Q^ v (both tensors are curls) suggests 
that the purely affine Lagrangian density for the unified electromagnetic and gravitational fields is given by 

%em = -^V=pQ al3 Q P „P ap P* 3 ' 7 , (36) 

where e has the dimension of electric charge [lfj. Without loss of generality, e can be taken equal to the charge of 
the electron. The dynamical equivalence between this Lagrangian (found by Ferraris and Kijowski) and the Maxwell 
electrodynamics follows from the equivalence between the latter and %EMi since replacing by eQ^ does not affect 
the algebraic relation of g^ v to arising from Eqs. ((!]) and (JTUJ) . Eq. gives 



pQ aP P» a P^. (37) 

The torsion vector is related to the electromagnetic potential via Eq. (fl"5|) and the correspondence relation F^ — 
eQ^[l7|]: 

S » = \(-^T+ V W- ( 38 ) 

If there are no sources, this vector is proportional to the electromagnetic potential. This proportionality was assumed 
by Hammond in the Einstein-Maxwell formulation of gravitation and electromagnetism with propagating torsion [29j. 
Here, we assume the more general correspondence cx F^fTfl of which the relation cx is a special case. The 
gauge transformation A v — > A v + d v X, where A is a scalar function of the coordinates, does not affect Eq. (fT5|) . 

Purely affine Lagrangians that depend explicitly on a general, unconstrained affine connection and the symmetric 
part of the Ricci tensor are subject to an unphysical constraint on the source density, as in the metric-affine formulation 
of gravity The inclusion of the tensor of homothetic curvature, which is related to the electromagnetic field, in a 
purely affine Lagrangian replaces this constraint with the Maxwell equations and preserves the projective invariance 
of the Lagrangian without constraining the connection [17|. 

We now apply to the Hamiltonian density $(T P, g Ml/ , Q^) the Legendre transformation with respect to Q^. This 
transformation defines a new density jf : 



$ = %-—?-Q^ = % + —y»Q flu , (39) 



which is a function of T p „, g^" and h A " / . The action becomes 



s = z I ^4-—. p ^-—y v Q^+f{T^\\xn)- (40) 



c J V 2k 2k 
The action variation with respect to g M " yields the Einstein equations: 

Pay = 2K^-. (41) 

The variation with respect to Tf v gives the second pair of the Maxwell equations ([7]). Finally, the variation with 
respect to gives 

The Maxwell-Palatini Lagrangian density for the electromagnetic field [2(| is given by 

Lem = J—g(A V4l F» v + \f^ v F^ - A^f) . (43) 
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The variation with respect to gives the second pair of the Maxwell equations (y/—gF l/fl ) yl , = yj—gj^ 1 , while the 
variation with respect to F^ v yields the first pair F^ — A v ^ — A^ v . Comparing Eqs. (|40|) and (|43|) allows us to 
associate eQ^ v with A Utli — A^ jV and ^jh^" with y^gF^" . 7 Eq. reproduces the first pair of the Maxwell equations 
if jf is a quadratic function of W LV and does not depend on the affine connection: 

f= Ak^^ ^ 9 ^ (44) 
Comparing Eqs. ([4]), ([7]) and ([43]) indicates that the source density IF^ must satisfy 

IF/ = 26%?, (45) 

in agreement with the last footnote. The Legendre term j^h^Q^ and the density jf are directly related to the first 
two terms in the Maxwell-Palatini Lagrangian (j4T?|) . 

V. DISCUSSION AND SUMMARY 

The density jf given by Eq. |44|) is the simplest scalar density that can be constructed from the fields and g^ v . 
The Legendre term j^k^Q^ and the density Jf are directly related to the two sourceless terms in the Maxwell- 
Palatini Lagrangian for the electromagnetic field [20|. Therefore the purely affine picture not only naturally derives 
the gravitational Lagrangian that is linear in the curvature and the second pair of the Maxwell equations, but also 
justifies why the electromagnetic Lagrangian is quadratic in the electromagnetic field that leads to the first pair of the 
Maxwell equations. 8 If Jf is more complicated, so is the relation between the potential A^ and the electromagnetic 
field tensor F^. However, there always exists a function of F^ v that is equal to the curl of A^, in agreement with the 
electromagnetic gauge invariance. 

A general affine connection has enough degrees of freedom to make it possible to unify the classical gravitational and 
electromagnetic fields in the purely affine formulation of gravity. We reviewed the purely affine formulation of gravity 
and its relation to the metric-affine and metric picture, and showed that the equivalence between the Ferraris-Kijowski 
and Maxwell Lagrangian results from the invariance of the latter under conformal transformations of the metric tensor. 
In the Ferraris-Kijowski unified model for the classical gravitational and electromagnetic fields [T3, U3| we applied to 
a purely affine Lagrangian the Legendre transformation with respect to the tensor of homothetic curvature. We 
showed that the corresponding Legendre term and the new Hamiltonian density, taken to be of the simplest possible 
form, are directly related to the two sourceless terms in the Maxwell-Palatini Lagrangian for the linear Maxwell 
electrodynamics. Therefore the purely affine picture not only explains why the gravitational Lagrangian is linear in 
the curvature, but also justifies why the electromagnetic Lagrangian is quadratic in the electromagnetic field. 

The purely affine formulation of electromagnetism has one feature: in the zero-field limit, where F^ v = 0, the 
Lagrangians (|20|) and (|36|) vanish, thus making impossible to apply Eq. ([1]) to construct the metric tensor. Therefore, 
there must exist a background field that depends on the tensor P^ v so that the metric tensor is well-defined. The 
simplest possibility, supported by recent astronomical observations, is the Eddington Lagrangian for the cosmological 
constant [2, S 0] • The question of how to combine this Lagrangian with the Ferraris-Kijowski Lagrangian to obtain 
a viable model of gravitation and electromagnetism remains open[l5l|. 

Acknowledgment 

The author would like to thank Ted Jacobson for valuable comments on the purely affine formulation of gravity. 



[1] A. Einstein, Sitzungsber. Preuss. Akad. Wiss. {Berlin), 32 (1923). 
[2] A. Einstein, Sitzungsber. Preuss. Akad. Wiss. {Berlin), 137 (1923). 

[3] A. S. Eddington, The Mathematical Theory of Relativity (Cambridge Univ. Press, 1924). 



7 Accordingly, we associate eT p p v with A v (up to a gradient since Tp V is not a tensor) and ■^j' 1 with \f-gj* 1 . 

8 The density H36I I. dynamically equivalent to 1 144 I I. is the simplest scalar density that can be constructed from the tensors and P M , 



9 



[4] E. Schrodinger, Space-Time Structure (Cambridge Univ. Press, 1950). 

[5] J. Kijowski, Gen. Relativ. Gravit. 9, 857 (1978). 

[6] A. Einstein, Sitzungsber. Preuss. Akad. Wiss. (Berlin), 414 (1925). 

[7] D. Hilbert, Nachr. Ges. Wiss. (Gbttingen), 395 (1916). 

[8] A. Einstein, Sitzungsber. Preuss. Akad. Wiss. (Berlin), 1111 (1916). 

[9] L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields (Pergamon, 1975). 
[10] M. Ferraris and J. Kijowski, Gen. Relativ. Gravit. 14, 165 (1982). 
[11] A. Jakubiec and J. Kijowski, J. Math. Phys. 30, 1073 (1989). 
[12] A. Jakubiec and J. Kijowski, J. Math. Phys. 30, 1077 (1989). 
[13] M. Ferraris and J. Kijowski, Gen. Relativ. Gravit. 14, 37 (1982). 
[14] M. Ferraris and J. Kijo wski, Lett. Mat h. Phys. 5, 127 (1981). 
[15] N. J. Popiawski, |arXiv:gr-qc/0701176| 
[16] H. F. M. Goenn er, Liv. Rev. Rela tiv. 7, 2 (2004). 
[17] N. J. Popiawski. rarXiv:0705. 03511 [gr-qc] . 

[18] V. N. Ponomarev and Yu. N. Obukhov, Gen. Relativ. Gravit. 14, 309 (1982). 
[19] V. D. Sandberg, Phys. Rev. D 12, 3013 (1975). 

[20] R. Arnowitt, S. Deser and C. W. Misner, in Gravitation: an Introduction to Current Research, ed. L. Witten (Wiley, 1962), 
p. 227. 

[21] J. A. Schouten, Ricci- Calculus ( Springer- Ver lag, 1954). 

[22] N.J. Popiawski, |arXiv:gr qc/0612193| 

[23] E. Schrodinger, Proc. R. Ir. Acad. A 51, 163 (1947). 

[24] N. J. Popiawski, Mod. Phys. Lett. A 22, 2701 (2007). 

[25] F. W. Hehl and G. D. Kerlick, Gen. Relativ. Gravit. 9, 691 (1978). 

[26] F. W. Hehl, E. A. Lord and L. L. Smalley, Gen. Relativ. Gravit. 13, 1037 (1981). 

[27] L. D. Landau and E. M. Lifshitz, Mechanics (Pergamon, 1960). 

[28] C. M. Will, Theory and Experiment in Gravitational Physics (Cambridge Univ. Press, 1992). 
[29] R. T. Hammond, Class. Quantum Grav. 6, L195 (1989). 



